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The classical rheological theories of entangled polymeric liquids are built upon two pillars: Gaus-
sian statistics of entanglement strands and the assumption that the stress arises exclusively from
the change of intramolecular configuration entropy. We show that these two hypotheses are not
supported by molecular dynamics simulations of polymer melts. Specifically, the segment distribu-
tion functions at the entanglement length scale and below deviate considerably from the theoretical
predictions, in both the equilibrium and deformed states. Further conformational analysis reveals
that the intrachain entropic stress at the entanglement length scale is substantially smaller than the
total stress, indicative of a considerable contribution from interchain entropy. Lastly, the relation
between entanglement strand entropic stress and macroscopic stress exhibits a bifurcation behavior
during deformation and stress relaxation, which cannot be accounted for by the classical theories.
The tube model of Doi and Edwards [1], which is
the most prominent theory of entangled polymers, at-
tributes the mechanical stress entirely to intrachain
“entropic force” arising from individual entanglement
strands obeying Gaussian statistics. This treatment finds
its root in the classical transient network theories of
Green and Tobolsky [2], Lodge [3], and Yamamoto [4],
which can be traced further back to the kinetic theory
of rubber elasticity [5]. The first (H1) of the two key
assumptions involved in constructing the stress formula
of both the tube and transient network theories is that
the distribution ψ(r) of the end-to-end vectors r of the
entanglement strands can be described by the Gaussian
function:
ψ(r) =
(
ξe√
pi
)3
exp(−ξ2er2), (1)
where ξ2e = 3/(2Neb
2), with b being the Kuhn length
and Ne the number of Kuhn steps within an entangle-
ment strand. The second assumption (H2) states that
the stress arises solely due to the conformational changes
of the entanglement strands, leading to the following for-
mula for the viscoelastic stress tensor σαβ in the limit of
moderate deformation:
σαβ = 2kBTνeξ
2
e 〈rαrβ〉 , (2)
where νe is the number density of entanglement strands.
Surprisingly, these two central hypotheses of the classical
rheological theory of entangled polymeric liquids, which
often appear in standard textbooks [1, 6, 7], have not
been explicitly verified by experiments or simulations.
Given the fundamental importance of this issue,
we have performed a series of equilibrium and non-
equilibrium molecular dynamics (MD) simulations on
entangled polymer melts using the GPU-accelerated
LAMMPS package [8–10]. To test the first hypothesis,
we consider a coarse-grained (CG) bead-spring model of
polymer melts, which has been extensively studied by
Kremer and Grest [11] and many others [12]. All beads
interact with the WCA potential and the bonded in-
teractions between neighboring beads along the polymer
chain are described by the FENE potential. The chain
stiffness is controlled by a bending potential Ubend(θ) =
kθ(1 + cos θ), where θ is the angle between two succes-
sive bonds. Two values of kθ, 0 and 1.5, are used in
the simulations, resulting in “fully flexible” and semi-
flexible chains, respectively. Polymer melts of M linear
chains with N beads are equilibrated at a number den-
sity of ρ =MN/V = 0.85 and a reduced temperature of
T = 1, similar to the previously reported methods. For
kθ = 0, two chain lengths were investigated: M = 500,
N = 500; M = 250, N = 2000; for kθ = 1.5, M = 500,
N = 500. We use the estimates, Ne ≈ 60 [13] for kθ = 0
and Ne ≈ 28 for kθ = 1.5 [12, 14]. The major, represen-
tative results emerging from these simulations are shown
in this Letter and the full details can be found in the
Supplemental Material [15].
To understand the chain conformation on different
length scales, we examine the equilibrium segment dis-
tribution function ψs(r) at various chemical separations
s = |i − j| with i and j being the indices of the beads:
ψs(r) =
1
4pir2∆r
1
N−s
〈∑N−s
j=1 δ(r − |Rj −Rj+s|)
〉
. Here,
Rj is the position vector of bead j. For s = N − 1
with N ≫ Ne, ψs=N−1, representing the distribution
of end-to-end separation of the entire chain, follows the
ideal Gaussian distribution. On the other hand, there
is plenty of evidence in the literature [12, 16], primarily
from the mean-squared internal separation, 〈r2(s)〉0 =
1
N−s 〈
∑N−s
j=1 (Rj − Rj+s)2〉, that the Gaussian distribu-
tion fails at small s. For the fully-flexible (kθ = 0) and
semi-flexible (kθ = 1.5) CG bead-spring models, devi-
ation from the ideal Gaussian behavior in 〈r2(s)〉0 be-
comes apparent when s . 10. At first glance, these
well-known results seem to confirm the Gaussian hy-
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FIG. 1. (a)-(t) The equilibrium segment distribution 4pir2ψs(r) from simulations as a function of r/(
√
sb) for four different
models at various s. Solid lines: Simulation data. Dashed lines: Gaussian distributions. (a)-(e) and (d)-(j): CG models of
N = 500 with kθ = 0 and 1.5. (k)-(o): UA-PE model of N = 100. (p)-(t): CG-PS model of N = 500. (u)-(w): Analysis of
statistical moments of different models as function of s/Ne. (u) Normalized mean-squared internal distance 〈R2(s)〉/s. (v) and
(w) present the ratios 〈R4(s)〉/〈R2(s)〉2 and 〈R6(s)〉/〈R2(s)〉3. Horizontal dashed lines: Ideal Gaussian behavior.
pothesis of the network model (H1). However, a de-
tailed analysis of ψs(r) paints a different picture. Fig-
ure 1 shows the comparison between the ψs(r) from
simulations (solid lines) and the ideal Gaussian distri-
bution functions (dashed lines) across the entanglement
length scale Ne. For the Kuhn length b in the Gaussian
distribution ψs,Gaussian(r) = (ξs/
√
pi)3 exp(−ξ2sr2), with
ξ2s = 3/(2sb
2), we use b2 = 〈r2(s)〉0/s as directly de-
termined from the simulations, eliminating any free pa-
rameter. It is evident from Fig. 1 that the Gaussian
approximation is not fulfilled at the entanglement length
scale (s/Ne = 1) and below (s/Ne < 1) for these two CG
models. In particular, for each s < Ne, the distribution
function displays a visible oscillatory signature at small
r, which clearly emanates from the local liquid structure.
To confirm the relevance of these results to real poly-
mer chains, we extend our analysis to a united-atom
(UA) model for linear polyethylene (PE) [17, 18] as well
as a coarse-grained model for polystyrene (PS) [19, 20].
The PE system consists of 500 chains of C100H202. The
chains are equilibrated at T = 450 K and ρ = 0.7682
g/cm
3
with a Nose´-Hoover thermostat, yielding a pres-
sure of about 1 atm. The equilibrium configurations of
the PS melt (N = 500) are provided to us by the cour-
tesy of Prof. S.-Q. Wang and details of the PS simulation
are described elsewhere [20, 21]. Conformation analy-
sis of these UA-PE and CG-PS chains reveals significant
deviation from the Gaussian distribution for s/Ne ≤ 1
[Fig. 1 (k)-(o) and (p)-(s)]. The Gaussian function is
a poor approximation for the distribution function at
s/Ne = 1 and fails completely at s/Ne = 0.5. This
result is in agreement with prior studies of the distri-
bution functions of short chains [22, 23]. It is worth not-
ing that deviations from the standard Rouse behavior
have been observed in neutron spin-echo experiments on
an unentangled polyethylene melt and the correspond-
ing atomistic MD simulations [24, 25]. These deviations
have been attributed to the failure of the dynamic Gaus-
sian assumption in calculating the segmental displace-
ment Ri(t)−Rj(0). Our analysis indicates that the pre-
viously observed breakdown of the Rouse model evidently
has its origin in static structure: non-Gaussian distribu-
tion functions at small length scales.
To further quantify the deviation from the Gaussian
distribution, we compare several statistical moments of
the simulated chains to those of the ideal Gaussian
molecules [26] in Fig. 1(u)-(w). While the internal sep-
aration 〈R2(s)〉/s approaches the ideal Gaussian limit
aroundNe for all four models, non-Gaussian behavior can
be clearly observed at s ≤ Ne when higher statistical mo-
ments are examined. Figures 1(v) and (w) show that the
deviation from the Gaussian distribution increases with
increasing chain stiffness. One might question whether
the relatively mild non-Gaussian behavior of the fully-
flexible and semi-flexible chain models at Ne bears any
rheological significance. However, the deviation from the
Gaussian distribution evidently cannot be ignored in the
case of the more realistic UA-PE and CG-PS models.
Moreover, as we shall demonstrate below, the second as-
sumption (H2) of the transient network picture is not
fulfilled in the fully-flexible and semi-flexible chain mod-
els. Lastly, we note that our results on the fully-flexible
chains are consistent with the classical paper of Kremer
and Grest [11], although the authors did not focus on the
non-Gaussian behavior and its rheological consequences.
Both the transient network and tube theories assert
that it suffices to coarse-grain entangled polymeric liquids
at the entanglement strand level to describe their rheo-
3logical properties. The underlying assumption is that the
deformation of polymer segments at smaller length scales
is completely slaved to that of the entanglement strands,
given that the time scale associated with the deformation
is much longer than the entanglement equilibration time
[27]. This idea is rooted in the classical rubber elastic-
ity theory [28] and can be formally expressed using the
distribution function of Ullman [29]. For example, for
uniaxial extension E = diag(λ−1/2, λ−1/2, λ) applied di-
rectly to the entanglement strands, the distribution func-
tion ψs(r) for s/Ne ≤ 1 is:
ψs(r) =
(
ξ2s√
pi
)3 ∏
α=x,y,z
1√
ξ2s + ξ
2
e(λ
2
α − 1)
× exp
[
−ξ4s
∑
α=x,y,z
r2α√
ξ2s + ξ
2
e(λ
2
α − 1)
]. (3)
Here, λ should be understood as a microscopic stretch-
ing ratio instead of a macroscopic one. It is straight-
forward to show that according to Eq. (3) the entropic
tensile stress at different coarse-graining levels (s ≤ Ne)
is Σ(s) ≡ σzz(s) − σxx(s) = 2kBTνsξ2s 〈r2z(s) − r2x(s)〉 =
νekBT (λ
2 − λ−1), which is equal to the entropic stress
of the entanglement strands and independent of s. From
this discussion, it becomes apparent that in addition to
the analysis of equilibrium distribution function ψs(r),
two other crucial tests can be performed to critically
examine the classical transient network concept, and in
particular, hypothesis H2. First, using non-equilibrium
MD simulation, one can analyze the distribution func-
tion ψs(r) at s/Ne < 1 to see whether or not it is indeed
coupled to the deformation of entanglement strands ac-
cording to Eq. (3). Second, one can examine the entropic
stress at different s. For 1 ≪ s < Ne, σzz(s) − σxx(s)
should be equal to the entropic stress at s = Ne as well as
the total stress evaluated directly from the virial formula.
To test these ideas, we perform non-equilibrium MD
simulations on the two CG models to investigate their
uniaxial extension behavior up to stretching ratio λ = 3.0
and the subsequent stress relaxation [15], using the de-
formation protocol described previously [30]. The equi-
librated polymer melt is uniaxially elongated in the z-
direction with a constant engineering strain rate and the
equilibrium pressure of the melt is imposed in the x- and
y-directions via a Nose´-Hoover barostat. Concomitant
with stretching of the box in the tensile direction, the
sample shrinks in the perpendicular directions. We em-
ploy the spherical harmonic expansion technique [31–33]
to quantitatively analyze the anisotropic segment distri-
bution function ψs(r): ψs(r) =
∑
l,m ψ
m
l,s(r)Y
m
l (θ, φ),
where ψml,s(r) is the expansion coefficient corresponding
to each real spherical harmonic function Y ml (θ, φ). In the
case of uniaxial extension, m = 0 and l is even [28]. Fig-
ure 2 shows the leading anisotropic distribution function
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FIG. 2. 4pir2ψ02,s(r) as a function of r/(
√
sb) at various s for
uniaxial extension of λ = 1.8. (a)-(e): Results for N = 2000
and kθ = 0. (f)-(j): Results for N = 500 and kθ = 1.5.
after a uniaxial extension of λ = 1.8, performed at ini-
tial Rouse Weissenberg numbers WiR,0 = 41.8 and 5.15,
respectively. To put these results in perspective, we com-
pare the 4pir2ψ02,s(r) at s/Ne ≥ 1.0 from the simulations
with those predicted by the deformed Gaussian distribu-
tion function [7]:
ψs(r) =
(
ξs√
pi
)3
exp
[
−ξ2s
(
λr2x + λr
2
y +
r2z
λ2
)]
, (4)
using λ as a free fit parameter. At the stretching condi-
tions of these simulations, the molecular deformation at
1 ≤ s/Ne ≤ 4 clearly does not follow the macroscopic one
(Fig. 2). For both systems, Eq. (4) with a microscopic
stretching ratio of λ = 1.55 can provide a reasonable de-
scription of the short-distance part of 4pir2ψ02,s(r) at the
entanglement length scale (s/Ne = 1) but overestimates
the anisotropy at large distances. Accepting that this
is the best result we can achieve with Eq. (4), we feed
this microscopic strain into Eq. (3) (Ullman’s distribu-
tion function) to generate the expected anisotropic dis-
tribution functions below the entanglement length scale
(s/Ne < 1). However, 4pir
2ψ02,s(r) in the simulations de-
viate strongly from the predicted distributions at these
small s (length scales), calling the ideal theoretical pic-
ture into question.
Having found no evidence to support the classical
coarse-graining hypothesis H2 from the above analysis
of the anisotropic distribution functions, we proceed to
examine the entropic stress at different s. The general
expression for the s-dependent entropic stress of a Gaus-
4sian chain is:
σe,αβ(s) =
3ρkBT
s〈r2(s)〉0 〈rα(s)rβ(s)〉 , (5)
where ρ is the bead (monomer) number density and
〈· · · 〉 = ∫ · · ·ψs(r)dr. Eq. 5 describes how the entropic
stress depends on the level of coarse-graining. By ex-
amining the statistical average of the dyadic tensor rr
instead of the detailed form of ψs(r), the entropic stress
analysis is a more general test of H2. In the preceding
discussions, we show that the equilibrium distribution
function ψs(r) at s ≤ Ne is in fact not Gaussian. There-
fore, it is questionable whether Eq. (5) can be employed
to calculate the intrachain entropic stress at the entan-
glement length scale and below. Nevertheless, without
a better method to accurately determine the entropic
stress, we will still use Eq. (5) in our stress analysis.
Our approach should be understood as a “proof by con-
tradiction”: starting with the assumptions that H1 and
H2 are correct, if the results from simulations contradict
the theoretical predictions, then the classical transient
network concept clearly needs to be reconsidered.
Figure 3 shows the entropic stress analysis of the uni-
axial extension simulations of the fully-flexible and semi-
flexible CG models up to λ = 1.8. Because of the mod-
erate strain rates and degrees of deformation, the stress-
optical relation is obeyed in these simulations: the tensile
stress Σ = σzz − σxx and the bond orientation parame-
ter S [13] are proportional to each other. However, the
entropic tensile stress at the entanglement length scale
is significantly smaller than the “macroscopic” stress —
Σe(Ne) makes up about only 60-70% of the total stress.
Unlike the UA-PE and CG-PS models [Fig. 1(k)-(t)],
the deviation from the Gaussian distribution is relatively
small in the two CG models at the entanglement length
scale. For this reason, the large discrepancy between
Σe(Ne) and Σ is rather surprising. Moreover, contrary
to the classical picture, the entropic stress does not level
off as s becomes smaller than Ne [Fig. 3(b) and 3(d)].
In fact, the Σe(s)/Σ curve does not exhibit any marked
changes around s = Ne. Lastly, we note that similar be-
havior is observed during stress relaxation as well [15].
Our MD simulations of the two CG models clearly do
not support the key hypotheses (H1 and H2) associated
with the classical transient network picture.
For a more comprehensive examination of Eq. 2, we
compare the entropic tensile stress at the entanglement
strand level, Σe(Ne), and the “macroscopic” stress Σ dur-
ing the deformation and the subsequent stress relaxation
in Fig. 4. As pointed out previously, the entanglement
strand entropic stress is smaller than the total “macro-
scopic” stress, when the polymer is not pushed far away
from equilibrium [42], despite some apparent agreement
in steady states [43]. This result directly questions the
validity of Eq. 2. Additionally, different relations are
found for the entanglement strand entropic stress and
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FIG. 3. (a) Tensile stress Σ, scaled bond orientation param-
eter S/α, and entropic tensile stress Σe(s) as a function of
stretching ratio λ for N = 2000 and kθ = 0. (b) Σe(s)/Σ at
various stretching ratios. (c) and (d): Results for N = 500
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the kθ = 0 and kθ = 1.5 systems, respectively.
FIG. 4. Comparison of the entropic tensile stress at the entan-
glement strand level Σe(Ne) and the “macroscopic” stress Σ
during the deformation (bottom-half-filled symbols) and the
subsequent stress relaxation (top-half-filled symbols). The
solid line represents the classical transient network picture
where Σe(Ne) = Σ.
the macroscopic stress during deformation and relaxation
(Fig. 4): the deformation and relaxation data reside on
two distinct branches. In other words, the correspon-
dence between Σe and Σ is not unique. This bifurcation
behavior is not predicted by any classical theories [1, 15].
The issue of interchain versus intrachain contributions
to stress has long been debated in the literature. MD
simulations by Fixman [34], Gao and Weiner [35–38], and
Likhtman and coworkers [39, 40] have revealed that in-
terchain and excluded volume interactions make signifi-
cant contributions to stress in dense polymeric liquids,
which directly challenges the basic assumption of the
tube model. While this finding can in principle be rec-
onciled with the tube model approach by defining an ef-
fective bonded force, the analysis of Likhtman [39] shows
5that even then the cross-correlation of intrachain stresses
between different chains is non-negligible. More recently,
using a chain model constructed at the level of self-
consistently determined primitive paths, Sussman and
Schweizer demonstrate that the entanglement plateau
modulus can be quantitatively predicted from the cor-
related intermolecular forces [41]. The aforementioned
equilibrium MD simulation studies invoke the Green-
Kubo relation to evaluate the relaxation modulus G(t).
It is therefore not obvious whether the two-time cross-
correlation of intrachain stresses between different chains
can be interpreted as interchain contributions to stress.
In contrast, such complication does not exist in the
present non-equilibrium MD simulation method. The
“missing” entropic stress in our analysis (Figs. 3 and
4) can be viewed as indirect evidence of interchain con-
tributions to stress in entangled polymers.
In summary, this work critically examines two key as-
sumptions of the transient network concept in entangled
polymer rheology. Our molecular dynamics simulations
show that the conformation distribution function of en-
tanglement strands is non-Gaussian and that the intra-
chain entropic stress of entanglements does not fully ac-
count for the total stress, which challenges the tradi-
tional views. While the transient network concept will
undoubtedly continue to play an important role in our
understanding of entangled polymer rheology, these new
results evidently demonstrate the need for a reconsider-
ation of some of the classical theoretical approaches.
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